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Abstract. The size dependence of the spectra of free carriers in A3B5- and A2B6-type-
semiconductor spherical quantum dots is studied. The advantage of a universal method for obtaining
equations that are invariant under the transformations of the rotations group, which directly yields
a system of equations for the radial functions for any number of bands considered, is demonstrated.
The calculated energy eigenstates of the spherical InAs quantum dot and quantum dots based
on zero- and narrow-gap semiconductors of the HgTe and Cd1−xHgxTe (x < 0.16) types are
presented.

1. Introduction

To describe the spectra of free carriers in A3B5- and A2B6-type-semiconductor quantum dots,
the spherically symmetric Luttinger Hamiltonian has been used [1–5].

In reference [3], a new formalism for determining energy eigenstates of spherical quantum
dots and cylindrical quantum wires in the multiple-band envelope-function approximation was
described. The bound states were studied for the conduction band and coupled light and
heavy holes, as a function of the radius of the GaAs/AlxGa1−xAs quantum dot. Conduction
band–valence band coupling was shown to be critical in a ‘type-II’ InAs/GaSb quantum dot.
Implications of the band-coupling effects for optical matrix elements for quantum wires and
dots were discussed.

The size dependence of the electron and hole quantum size levels in spherical semi-
conductor nanocrystals was studied in reference [4]. In that work, an analytical theory of the
quantum size levels within a spherical eight-band Pidgeon and Brown model, which takes into
account both the coupling of conduction and valence bands and the complex structure of the
valence band in nanocrystals with an infinite potential barrier, was developed. The calculated
level structures for narrow-gap InSb, moderate-gap CdTe, and wide-gap CdS nanocrystals
were presented.

In reference [5], the electronic structure of pyramid-shaped InAs/GaAs quantum dots was
calculated.

Note that in all of the above-cited works, to make the calculations, different models of
the band structure were used. However, there is a universal method for obtaining equations
that are invariant under the transformations of the rotation group [6, 7], which directly gives a
system of equations for the radial functions for any number of bands considered. Using this
method, it is possible also to take into account higher conduction bands.
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2. Method of calculation

In this paper we shall demonstrate the advantage of the above-mentioned universal method
for the cases of InAs and HgTe quantum dots. In figure 1 the bulk structures of InAs-type
(figure 1(a)) and HgTe-type (figure 1(b)) semiconductors near the � point are shown. In the
cases considered, the band gap Eg and spin–orbit splitting 
 are of the same order. For
this reason, it is important to take into account a conduction band, which we shall label with
double indices (1/2; 0), the heavy- and light-hole bands (3/2; 1), and the spin–orbit-splitting
band (1/2; 1). To obtain a finite heavy-hole effective mass, it is necessary to include the
higher conduction bands (5/2; 2) and (3/2; 2) also. The first index characterizes the weight
of the irreducible representation and the second one indicates the subspace with the same
weight. We have chosen indices for the states which clearly show that they are created from
the corresponding s, p, and d states. In order to give a physical meaning to the equations, we
consider the coefficients connecting s, p, and d states, namely, τ = 0, τ = 1, and τ = 2,
respectively, to be nonzero, where τ is the number of the subspace.

Figure 1. The bulk structure of InAs-type
(a) and HgTe-type (b) semiconductors
near the � point.

Thus according to [6, 7] we should have the following system of first-order ordinary
differential equations for the radial functions†:
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† There are obvious misprints in the equations of Gelfand et al [6] and Lyubarsky [7]. In particular, in the ninth term
in equation (18) in section 9 in [6], l should be replaced by l + 2, and in equation (60.12) in [7], the sign before the
term containing a derivative should be changed.
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as well as
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where Eg is the energy of the bottom of the conduction band, 
 is the spin–orbit-splitting
energy, and E0 and E0 + 
0 are the energies of the higher conduction bands, responsible
for the finite heavy-hole mass. The parameters a, b, c, d, and e are matrix elements taking
into consideration the interactions between the conduction and valence bands. Quantities like
C

0,1
1/2,1/2, f l01/2,1/2,0 etc, and χ were determined by Gelfand et al [6]. The system of equations

(1)–(9) have been rewritten so as to separate the independent solutions (‘even’ and ‘odd’).

3. The energy spectrum

Excluding from the system (1)–(9) the functions f ±
4 , f ±

5 , f ±
6 , f ±

7 , and f ±
8 , we obtain a system

of equations describing the conduction band, and light- and heavy-hole bands, as well as the
spin–orbit-splitting band.

From the solvability condition for the system of equations (1)–(9), we find that the equation
describing the spectra of electrons, light-hole bands, and spin–orbit-splitting bands has the form
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The spectrum of the heavy-hole band is defined by the equation
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The parameters a, b, c, d , and e can be expressed through effective masses. Equations
(12) and (13) for k = 0 and kh = 0 have the following eigenvalues (for InAs):

En = Eg Ehh = 0 Elh = 0 Esh = −


corresponding to the conduction band, heavy- and light-hole bands, and spin–orbit-splitting
band. Putting this zero solution into equations (12) and (13) for small k, we obtain the spectrum
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for the parabolic approximation. Then for the effective mass we find
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where mn, mhh, mlh, and msh are the effective masses of the electron, heavy hole, light hole,
and spin–orbit-splitting hole, respectively. Equation (14) is a system of four equations for five
parameters a, b, c, d, e. Besides equations (14), we have the additional condition e/c = 3/2,
which corresponds to the ratio of the matrix element of the (3/2; 1) band to those of the higher
conduction bands (5/2; 2) and (3/2; 2). Putting a = 2b, e = (3/2)c, and d = (5/2)c, we
obtain the equations in reference [2].

It is easy to see that the spectrum of heavy holes is defined on the basis of the following
conditions:
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Using (15), from our equation system, we find the solution through the cylindrical Bessel
function:
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(a)

Figure 2. The solutions of the biquadratic equation (13) as functions of energy for InAs (a) and
HgTe (b).
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The boundary conditions requiring the equality of radial function to zero on a quantum
dot boundary have the following form:
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where k1,2 are the solutions of the biquadratic equation (12). In figure 2 the solutions k1,2 as
functions of energy for the InAs (figure 2(a)) and HgTe (figure 2(b)) cases are shown.
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(b)

Figure 2. (Continued)

The spectrum of the charge carriers in a quantum dot is defined from the equality to zero
of a determinant of the system (19).

Using the relations for Bessel functions, we can write the system of equations (19) in
the form
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where the Jν(kr) are the spherical Bessel functions.
The system of equations (22) is similar to a system (9) from reference [2]. However,

here the nonparabolicity of the spectrum of light holes and electrons, as well as the additional
independent parameters determining the electron and spin–orbit-splitting valence band spectra
are included. The radial functions f ±

1 and f ±
2 are linear combinations of the radial functions

R∓
h1 and R∓

h2 in [2]. For narrow-gap semiconductors, our results coincide with results obtained
in [4], but we also consider the case of HgTe-type zero-gap semiconductors.

The quantum size levels are found from the dispersion equation:[
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The upper signs correspond to the odd solutions and the lower ones to the even solutions. Note
that equation (23) describes the spectrum of free carriers in quantum dots based on narrow-
gap semiconductors of InAs type as well as those for free carriers in quantum dots based on
semiconductors with zero gap and inverted semiconductors of the HgTe and Hg1−xCdxTe types.

In figure 3 the energy of free carriers in a semiconductor quantum dot as a function of
the quantum dot radius is shown for InAs (figure 3(a)) and HgTe (figure 3(b)). Curves 1c, 2c
and 1v, 2v, 3v correspond to the lowest odd-size levels of the conduction and valence bands.
The following band parameters have been used for InAs: Eg = 0.42 eV, 
 = 0.38 eV,
mc = 0.023m0, mhh = 0.4m0, mlh = 0.025m0, msh = 0.15m0; and for HgTe: Eg = 0.28 eV,

 = 1.05 eV, mc = 0.03m0, mhh = 0.44m0, mlh = 0.032m0, msh = 0.15m0.

In figure 4 the dependences of the transitions between the first size levels of the valence
and conduction bands on the quantum dot radius are shown.

According to Gelfand et al [6], the solution of the system of equations in spherical
coordinates has the form

!τ
l0

= f
l0
lmτ (τ )T

l0
mn

(
π

2
− ϕ, θ, 0

)
(24)

where T l0mn are generalized spherical functions, l0 � l, and −l0 � m, n � l0. For l0 = 1/2, the
functions f ±

1 , f ±
4 , and f ±

5 , for which m = ±3/2, ±5/2, and ±3/2 respectively, do not give
the complete contributions to the wave function. The solutions for the heavy hole are absent.



Energy spectra of narrow- and zero-gap-semiconductor QDs 7931

(a) (b)

Figure 3. The dependence of the lowest quantum size levels in InAs (a) and HgTe (b) quantum
dots as functions of the quantum dot radius.

Figure 4. Energies of allowed transitions as functions of
the quantum dot size for InAs.

These are the solutions for light holes, electrons, and holes of the spin–orbit-splitting band for
which m = ±1/2. For them, the dispersion equations have the form

J3/2±1/2(k1r)J1/2∓1/2(k2r)

[
1 − E

k2
1

(
6e2

E − E0 −
0
+

c2/4

E − E0
+

2b2

E − Eg

)]
− J3/2±1/2(k1r)J1/2∓1/2(k2r)

×
[

1 − E

k2
2

(
6e2

E − E0 −
0
+

c2/4

E − E0
+

2b2

E − Eg

)]
= 0. (25)
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4. Conclusions

In [3–5], the nonparabolicity of the spectra of electrons for GaAs/AlGaAs and InAs/GaSb
quantum dots is taken into account. The nonparabolicity is essential for the InAs quantum dot.
On the other hand, the necessity for accounting for the influence of the spin–orbit splitting of
the valence band on the spectrum of charge carriers in a semiconductor quantum dot has
been mooted [2]. In the case of InAs, for which Eg ≈ 
 ≈ 0.4 eV, both factors are
important. Therefore, equations (23) obtained in this work allow one to describe correctly
both the situation of a semiconductor quantum dot with normal structure (for example, InAs)
and that of a quantum dot based on a semiconductor with inverted band structure (for example,
HgTe or Cd1−xHgxTe (x < 0.16)).
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